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Abstract
While simulations of the measured biodynamic responses of the whole human body or body 
segments to vibration are conventionally interpreted as summaries of biodynamic measurements, 
and the resulting models are considered quantitative, this study looked at these simulations from a 
different angle: model calibration. The specific aims of this study are to review and clarify the 
theoretical basis for model calibration, to help formulate the criteria for calibration validation, and 
to help appropriately select and apply calibration methods. In addition to established vibration 
theory, a novel theorem of mechanical vibration is also used to enhance the understanding of the 
mathematical and physical principles of the calibration. Based on this enhanced understanding, a 
set of criteria was proposed and used to systematically examine the calibration methods. Besides 
theoretical analyses, a numerical testing method is also used in the examination. This study 
identified the basic requirements for each calibration method to obtain a unique calibration 
solution. This study also confirmed that the solution becomes more robust if more than sufficient 
calibration references are provided. Practically, however, as more references are used, more 
inconsistencies can arise among the measured data for representing the biodynamic properties. To 
help account for the relative reliabilities of the references, a baseline weighting scheme is 
proposed. The analyses suggest that the best choice of calibration method depends on the 
modeling purpose, the model structure, and the availability and reliability of representative 
reference data.
1. Introduction
The characterization of human vibration biodynamics is important for understanding 
vibration effects and for assessing the risks of vibration exposures [1–5]. The biodynamic 
responses are basically a passive mechanical process, similar to the responses of many 
engineering structures to vibration. In engineering, the model of a system is usually 
constructed using a forward dynamic approach, in which the dynamic properties of the 
system are directly measured and used in the model to predict the dynamic responses. 
Because it is difficult to directly measure the biodynamic properties of living human 
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subjects, human vibration models are most frequently constructed using an inverse dynamic 
approach or a hybrid forward and inverse approach [6–12]. The inverse approach estimates 
the unknown biodynamic properties of a model using the measured time-history responses 
(forces and motions) and/or frequency response functions (apparent mass, mechanical 
impedance, and vibration transmissibility) of the system. Mathematically, the property 
parameters are determined by imposing matches between modeled responses/functions and 
the corresponding measured responses/functions. In principle, this imposed matching 
process passes the dynamic properties included in the reference data to the model, similar to 
the calibration of an accelerometer. In engineering modeling, this process is usually termed 
as parameter identification, as it is only used to identify the unknown values of one or a few 
well-defined parameters of a model that provides a close simulation of an engineering 
system [13,14]. In contrast, the vast majority of human vibration models are lumped-
parameter models that only provide a very crude simulation of the complex human body 
structure. The exact physical representations of some model components are not known or 
predetermined before their values are identified. Their representations are actually 
interpreted according to their values. As a result, the components in the same model 
structure may represent different parts or properties of the human body or segment, 
depending on the characteristics of the reference functions used in the modeling, as observed 
in our previous studies [9,15]. Therefore, this process not only calibrates the values of the 
model parameters, but it may also calibrate the physical meanings of some model 
components. It may be more appropriate to refer to this process as model calibration in 
human vibration modeling.
Such model calibration makes it possible for many researchers to efficiently construct 
human vibration models for understanding the basic characteristics and motion mechanisms 
of human biodynamic responses using inexpensive modeling techniques. This further 
explains why the vast majority of human vibration models have been developed using this 
approach. Such models are also adequate and efficient for enhancing the designs, analyses, 
and evaluations of tools, seats, and anti-vibration devices [16–18], and/or for constructing 
test apparatuses or human test dummies [19,20]. To help further understand vibration effects 
and to help assess the risks of vibration exposures, it is required to improve such models for 
better predictions and understanding of the biodynamic responses in the human body. A 
major deficiency of the reported lumped-parameter models is that they may not be used to 
predict the dynamic forces at many joints and the vibration power absorption distributed in 
different tissues, as these models do not provide a reasonable simulation of the relationships 
among the bones, joints and soft tissues. Although vibration is likely to be primarily 
transmitted through the bones and joints, these structures only account for less than 20 
percent of the body mass [21]; the soft tissues account for the vast majority of the body mass 
and are thus likely to play a major role in determining the overall responses, according to a 
recently derived theorem [22]. While it is not difficult to configure a model that separately 
simulates the bones, joints, and soft tissues, it remains a formidable research task to 
determine how such models can be reliably calibrated and reasonably validated. Enhancing 
the understanding of model calibration may accelerate the development of such models.
Based on function, human vibration models are conventionally classified into three 
categories: mechanistic, quantitative, and effects models [23]. A set of validation criteria and 
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a checklist for the models in each category have also been proposed [23]. Because these 
criteria are not based on the concept of model calibration, they do not systemically and 
directly address the technical issues and requirements of the model development using the 
inverse dynamic approach. Instead, the human vibration modeling society generally 
interprets model calibrations only as quantitative summaries of biodynamic measurements 
[23], similar to the statistical regressions used in the analyses of experimental data. 
According to such limited understanding, the majority of the reported human vibration 
models are classified as quantitative models [23]. Such a classification actually incorrectly 
considers the quantitative summaries as the final function of these models, as the endpoints 
of these models are not the quantitative summaries but they are primarily for the above-
mentioned applications. This classification also contradicts the major purposes of such 
computer modeling – to predict the responses or parameters that cannot be directly measured 
and/or to understand the phenomena that cannot be easily understood from the experimental 
data themselves. Another questionable practice is that, according to how quantitative models 
are defined, these models are often considered to be validated as long as they can provide a 
good curve fit to a set of measured data. Because there is no uniform specification for 
judging the goodness of curve fitting in human vibration modeling, many studies have 
portrayed their models as being validated simply because those models reflect the study’s 
best curve fits; there is often insufficient assessment of the model’s ability to represent the 
targeted biodynamic properties or response functions. Such a practice is problematic for the 
following reasons: (i) the best curve fitting can always be achieved for any experimental 
data on any model, even if its equations of motion include serious errors, as observed in a 
recently reported study [24]; (ii) the best curve fitting can also be achieved even if the 
reference functions include significant errors, and/or the transmissibility measured on one 
substructure is used to represent the vibrations of other substructures, which are also 
observed in the reported study [24]. Obviously, more effective validation criteria that 
directly address these issues are required for the further development and evaluation of 
human vibration models.
Also because there is lack of understanding of model calibration, it is not clear how to 
appropriately select and apply the specific calibration schemes. While apparent mass or 
impedance has been used to calibrate some models [7–9], vibration transmissibility has been 
used to calibrate some other models [10,25,26]. However, more researchers have used both 
transmissibility and driving-point response functions [6,24,27]. Some of these researchers 
hypothesized that such a combination would provide a more reliable calibration [24,27]. The 
current study hypothesized that the best choice of the calibration method depends on many 
factors, which may include the specific application of the model, the model structure, and 
the availability and reliability of the reference functions. Further studies are required to test 
these hypotheses.
In many cases, it is difficult to clearly differentiate or categorize these models, especially the 
mechanistic and quantitative models, as they usually both include mechanistic and 
quantitative components. Even though some finite element models were originally 
developed using the forward modeling approach, some of the element properties have to be 
adjusted through model calibration so that the modeling predictions can be more reliable 
[11,28]; the biodynamic properties are usually measured with cadaver tissues that may not 
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be fully representative of live subject properties, and the individual differences may further 
increase the complexities and difficulties. On the other hand, some models were originally 
developed to simulate the biodynamic measurements, but they can be considered as 
mechanistic models after their parameters are understood and can be physically associated 
with the specific substructures of the human body or segments [9,15]. As such merging 
marks the advancement of modeling knowledge [23], the hybrid forward and inverse 
dynamic approach is likely to be more frequently used in the future. It is important to 
formulate the calibration validation criteria that are generally applicable to models in every 
category.
Based on this background, the specific aims of this study are to review and enhance the 
theoretical foundation for human model calibration, to systematically examine the 
calibration methods, to identify their basic criteria and requirements, and to explore the 
improvements of the calibration methods. This study also proposed some new 
interpretations of the reported models.
2. Basic theory and methodology
Fig. 1 shows a flowchart that outlines the theoretical basis and major activities of this study. 
Similar to the forward dynamic approach, the inverse dynamic approach can be applied to 
any model with linear or nonlinear dynamic properties [6–14]. The human body or segment 
has some nonlinear properties. For example, the stiffness of the body tissues generally 
increases with the increase in applied forces or the force-induced tissue deformation [29]; as 
a result, the resonant frequency of the human hand – arm system increases with applied hand 
forces [30]. The biodynamic responses of the human body may also involve in some 
nonlinear processes. For example, driven by a large shock or vibration, a body or hand may 
lose or partially lose contact with a seat or handle. Because of these nonlinear features, the 
fundamental resonant frequency of the whole body generally reduces with the increase in 
vibration magnitude [1]. However, to make the modeling analysis efficient and less 
technically demanding, the human body or segment is most frequently simulated as a linear 
system without considering the nonlinear processes. This is acceptable for many of the 
above-mentioned applications. Furthermore, a linear model can also be used to identify the 
nonlinear properties of the system, which may be further used to construct a nonlinear model 
and to simulate the nonlinear processes. For example, the palm of the hand exhibits 
nonlinear contact stiffness and damping characteristics that are very difficult to directly 
measure. These properties can be locally linearized for each given push force. A model with 
linear parameters can be used to calibrate the linear stiffness and damping parameters using 
the experimental data measured under each push force [31]. Then, the parameter values for 
different push forces can be used to determine the nonlinear characteristics of these 
parameters. The results can be used to replace the linear stiffness and damping properties in 
the model to establish a nonlinear model. To efficiently analyze and discuss the model 
calibration methods, this study generally assumed the human body or segment can be 
approximately simulated as a linear system for each given test condition, although the 
inverse dynamic approach is generally applicable to any linear and nonlinear system 
[7,9,13,14]. Six models found in the literature are shown in Fig. 2 [7–9,18,21]. They were 
used in this study not only because they are simple for evaluation but also because they have 
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different structural features and can be used to help identify the requirements of a unique 
solution for each calibration method. They were also used as examples to help efficiently 
describe and demonstrate the applications of the study methods and proposed validation 
criteria. While the model parameters are defined in the figures, their values found in the 
literature are listed in Table 1.
2.1. Equations of motion and general calibration procedures
The first step to develop a new model is to select or design the model structure based on the 
purpose or application of the model. Then, according to Newton’s second law, the equations 
of motion for the model can be written in a general matrix form as follows [32]:
(1)
where M is mass matrix, C is damping matrix, and K is stiffness matrix, u (=x1, x2, …, xn, 
… z1, z2, …, zn) is the coordinate vector, u0 (=x0, …, z0) is the coordinate vector of the 
foundation in motion, M0, C0, and K0 are the mass matrix, damping matrix, and stiffness 
matrix, respectively related to the motion of the foundation.
To help efficiently describe the general calibration procedures, this study assumes that any 
system mentioned in the following presentation is excited by a single steady-state vibration 
 from the foundation in motion, which can be expressed as follows:
(2)
where  is vibration magnitude (m/s2), , ω is circular frequency (Rad/s), and t is 
time (s).
This study also assumes that χ is the vector of unknown parameters (Pu1, Pu2, …, Pui, … 
Pun) of the model to be calibrated. For example, if all the parameters of Model-(e) shown in 
Fig. 2(e) are unknown or will be determined from the calibration, χ=(m01, m02, m1, m2, c1, 
c2, c3, c4, k1, k2, k3, k4). The objective of the model calibration is to determine these 
parameters. The specific procedures for parameter determinations may vary among the 
reported studies [6–12,27]. These procedures can be generally outlined as follows:
• The reference functions are collected or measured from human subject 
experiments.
• The modeling motion responses (u) are calculated by assuming an excitation 
and an initial value for each unknown parameter in its constrained range using Eq.
(1). A preliminary constrained range (e.g., > 0) for each parameter may be 
determined based on available knowledge of the parameter. It may be refined after 
the preliminary calibration results are obtained and understood.
• The vibration transmissibility (VT) functions , the dynamic force on the 
foundation of motion (F0), and the driving-point response function (DPR) such as 
the apparent mass  or mechanical impedance  are 
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calculated. In some cases, these response functions may be directly derived from 
Eq. (1) and calculated without directly resolving the equations of motion.
• Then, an error function E(χ) or the root-mean-square difference between the 
measured functions and their corresponding modeling functions is calculated from:
(3)
where NR is the number of the reference functions used in the calibration; NF is the 
number of frequencies considered in the integration; FMij and FEij are the 
modelling and experimental values of the ith response function at the jth frequency, 
respectively; and Wij is their relative weighting. The weighting is assigned based on 
the relative reliability of each reference function and the importance of each 
frequency, which are further discussed in Sections 4 and 5.
• The unknown parameters (χ=Pu1, Pu2,…, Pui,…, Pun) are varied within their 
constrained ranges until the resulting error function in Eq. (3) attains its minimum 
value. This is basically a mathematical optimization process. While many 
optimization methods and programs are available [9,33,34], the best choice may be 
model-specific, and it can be identified by testing each method using the numerical 
method described in Section 2.4. The goodness of the curve fitting is usually 
assessed using the R-value of the curve regression, the minimum error value, and/or 
the percent difference between the modeling and reference functions in the 
frequency range of interest.
2.2. The relationship between VT and DPR functions
A novel theorem of mechanical vibration was derived in our recent study [22], which 
describes the theoretical relationship among the frequency response functions of a 
mechanical system at its boundaries and inside the system. According to this theorem, the 
relationship between vibration transmissibility and apparent mass of a mechanical system 
can be generally expressed as follows:
(4)
where M is the apparent mass in a direction; T is the motion transfer/transmissibility 
function in the same direction; m is the distributed mass throughout the system; subscript ‘b’ 
denotes the element or function at the boundary; and kb and cb are the boundary connecting 
stiffness and damping, respectively.
As examples, the specific relationships between the vibration transmissibility and apparent 
mass for each model shown in Fig. 2 are presented in Appendix A. These equations express 
that the total apparent mass in a specific direction is equal to the linear sum of the mass-
weighted transmissibility functions distributed throughout the system in the same direction 
[22]. According to this theorem, the transmissibility function of each mass element (Ti) in 
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Eq. (4) is generally not that directly measured at a single point on or in the human body 
(Txyz); instead, the transmissibility function is representative of the overall vibration of the 
substructure or tissue simulated as a lumped mass. Mathematically, the representative 
transmissibility of a substructure (Si) with a mass (mi) can be expressed as follows [22]:
(5)
2.3. Calibration methods
Mathematically, the series of mass values can also be considered as a function. Then, the 
theorem expressed in Eq. (4) defines the relationships among the following three types of 
functions: vibration transmissibility (VT), distributed mass (Mass), and interface/driving-
point response functions (DPR). Using Eqs. (1) and (3), it can be proven that if two of the 
three function types are determined, the other function type can also be determined, which is 
further elaborated and demonstrated in Section 3. Interestingly, the three possible two-
function combinations of the three function types correspond to the three typical calibration 
methods: VT method, DPR method, and combined VT and DPR method. In some special 
cases, the DPR method can be applied without the use of mass information [7–9]; this 
simplified method is termed as the DPR-alone method in the following presentation. Besides 
the mass information, the other distributed properties such as stiffness, Young’s modulus 
and damping properties, can also be considered as part of the references or constraints in the 
model calibration if they can be reliably measured or estimated [11,12]. The methods using 
the combinations of VT, DPR, mass, and other property information are referred to as hybrid 
calibration methods in this study.
2.4. A numerical method for testing the calibration methods
Solution uniqueness is one of the essential criteria for validating the calibration for some 
models [35]. While solution uniqueness can be theoretically proven in some cases, it is 
difficult to analytically prove uniqueness in other cases, especially for models with nonlinear 
parameters. As an alternative approach, a numerical testing method has been proposed to 
check the uniqueness of the calibration solution [22]. Similar to the analytical approach, the 
reference functions are assumed to be accurate for the model to be calibrated. This bypasses 
any problems inherent with the measured reference functions so that the advantages and 
limitations of the calibration methods themselves can be clearly identified. The specific 
procedures of the calibration test implemented in the current study are outlined as follows 
[22]:
a. A set of reference parameters for a given model is assumed. For the purpose of the 
numerical testing, these parameters do not have to be accurate or validated. 
However, it is better to select the reference parameters based on the available 
information from previous studies or the preliminary values calibrated using 
available response functions. Examples of the parameter values for the models 
shown in Fig. 2 are listed in Table 1.
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b. The equations of motion or Eq. (1) for each model with the assumed reference 
parameter values are written; the frequency response functions of the model in the 
frequency range of concern are calculated using the method described in Section 
2.1; these functions are used as the accurate reference functions in the numerical 
test.
c. With the reference functions replacing the experimental data, the same procedures 
as outlined in Section 2.1 and the same computer program as designed to conduct 
the original calibration of the model are used in the numerical test [9,15]. Three 
numerical calibration trials are performed with randomly generated initial values of 
the parameters. Each initial parameter value is within the range of ± 15 percent 
from its reference value listed in Table 1. Each parameter is allowed to vary within 
the range of 0.5 – 1.5 times the reference value during the optimizing process of the 
calibration.
d. If each parameter value reliably converges to the reference value after a sufficient 
number of initial search cycles (one cycle is completed if every parameter is 
optimized once), independent of the initial conditions, the calibration method is 
considered acceptable for achieving a unique solution.
The existence of a theoretical unique solution does not guarantee a reliable solution in the 
practical calibration [22]. Besides testing uniqueness, the numerical method can also be used 
to explore the robustness and efficiency of the calibration methods and algorithms. For 
example, after a large number (e.g., > 200) of optimizing search cycles, if any parameter of a 
model remains largely different (e.g., > 20 percent) from its reference value, but every 
modeling response function is very close to its corresponding reference function (e.g, r2 > 
0.999), the solution may be considered non-robust. Such a solution will be very sensitive to 
the perturbations of the reference functions or the initial conditions in the numerical 
calibration with the measured reference functions.
It should be noted that the robustness of the calibration depends not only on the calibration 
method but also on factors such as the model structure, the relative weightings among the 
reference functions, the frequency weighting of each response function, and the 
mathematical optimization strategy or computing algorithm used in the curve fittings. While 
it is beyond the scope of this study to address all these issues, this study considered the same 
models, the same optimization algorithm (MS Excel Solver), and the baseline weighting 
(defined in Section 4.3) for each function in the numerical tests, so that the calibration 
methods can be directly compared. The parameter search strategy used in this study is also 
the same as that used in our previous studies [9,15,31]: the model parameters are listed in a 
consistent order for each calibration method; they are varied one-by-one sequentially so that 
the sum of the root-mean-square differences between modeling and reference functions is 
minimized.
2.5. Basic criteria for model calibration
Based on the mathematical and physical principles of the model calibration dictated by Eqs. 
(1), (3)–(5) and the knowledge and experiences gathered from previous studies, the major 
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factors that may influence the reliability of the model calibration and their related criteria are 
proposed as follows:
1. Model structure. The structure should be suitable for the intended applications of 
the model. The structure should also allow the modeling response functions to fit 
the reference functions well. If the overall system responses and the distributed 
responses are both of concern in the model applications, the model structure should 
also provide reasonable simulations of the human body substructures of interest.
2. Sufficiency of reference functions. If the distributed responses are of interest in 
the model applications, the number of reference functions used in the calibration 
should be sufficient to achieve a unique solution of the model parameters, as the 
distributed dynamic properties of the human body must be unique. The solution 
should also exhibit as little sensitivity as possible to perturbations of the reference 
functions.
3. Accuracy of reference functions and parameter constraints. Each reference 
function should be measured as accurately as possible with an available 
technology; each parameter should be constrained within its realistic range 
according to the understanding of the parameter.
4. Representativeness of reference functions. If the distributed responses are of 
interest, each reference transmissibility function should be adequately 
representative of the overall vibration of the substructure simulated as a lumped or 
element mass in a model, as required by Eq. (5); at least, the reference 
transmissibility should be measured at a representative location of the substructure.
5. Integrity of modeling equations, programs, and results: The modeling equations 
and programs have no errors; the modeling results must satisfy the equation of the 
relationships among the mass, transmissibility, and driving-point response 
functions.
6. Goodness of curve fitting: More weighting should be assigned to more reliable 
references in the calibration; the total root-mean-square (rms) value of the curve-
fitting errors for the DPR functions should be ≤ 5 percent in the major frequency 
range of concern if the model is used for engineering applications; the error in the 
transmissibility match should be as small as possible.
7. Validity of model parameters and predicted responses. For the parameters that 
can be associated with the properties of a specific part of the human body or 
segment, their calibrated values should be realistic or within the natural ranges for 
the subjects participating in experiments for the measurement of the reference 
functions. If the predicted responses are directly measurable, they should also be 
compared with the experimental data. The reasons for any large difference between 
the model responses and experimental data should be identified.
Theoretically, there are infinite model structures; it is not difficult to propose a 
comprehensive model that can meet the first criterion. It is, however, a formidable task to 
obtain sufficient, accurate, and representative reference functions to calibrate the model. 
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This indicates that the second, third, and fourth criteria become the major constraints for the 
further development of the mechanistic and effects models, which are elaborated and 
extensively discussed in Sections 3–5. To reduce the technical difficulties, the model should 
be as simple as possible as long as its objectives can be achieved. An in-depth understanding 
of these criteria may help make appropriate simplifications or improvements of the model 
structure, which is demonstrated and discussed in Sections 5.6 and 5.7. For the design and 
analysis of tools, seats, anti-vibration devices, and test apparatuses, it may not be necessary 
to use the transmissibility functions or to require a unique solution in the model calibration. 
For such applications, the second and fourth criteria are not required, which must also 
reduce the requirements of the model structure. To closely simulate the critical DPR 
functions required for such applications, the model structure can be selected or designed 
based on the characteristics of the DPR functions [35].
3. The sufficiency of reference functions
This section addresses the second criterion by identifying how many and which reference 
functions are necessary to achieve a unique solution of the parameters for each calibration 
method.
3.1. Vibration transmissibility (VT) method
The VT model calibration method utilizes combinations of VT functions and mass 
information [10,25]. According to Eq. (4), such combinations can uniquely determine the 
sum of the DPR functions; they should be sufficient to calibrate a model. This can be 
explicitly proven using Eq. (1) by assuming that the human body can be approximately 
simulated as a linear system. Specifically, the VT functions  can be derived from 
Eq. (1) and expressed as follows:
(6)
where I0 is the driving-point identity vector with its elements either equal to 1 (driving 
point) or 0 (non-driving point). If the system parameters are changed proportionally or 
scaled by a common factor (λ), Eq. (6) remains unchanged because the scaling factor is 
canceled, which can be expressed as follows:
(7)
This equation means that a given set of transmissibility functions can correspond to infinite 
sets of parameters; the transmissibility alone is not sufficient for uniquely determining the 
model parameters. However, the difference between any two sets of possible solutions is the 
scaling factor. This factor can be identified if the mass information of the system is known. 
This means that the model parameters can be determined uniquely if the mass information is 
provided. Hence, the transmissibility method requires both transmissibility and mass 
information of the system for the calibration.
This can also be further understood by examining an alternative expression of the VT 
functions. Because the proportional change does not affect the VT functions, each VT 
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function (Ti) in Eq. (6) must be a function of the linear ratios of the system parameters, 
which can be expressed as follows:
(8)
If the VT functions are known, the ratios can be determined by solving Eq. (8) for each 
model. If the mass values are also given, the remaining parameters can be determined from 
the resolved ratios. For example, Eq.(8) for Model-(a) can be written as follows [34]:
(9)
If T1 is given, its values at different frequencies (ω) can be used to write specific algebraic 
equations from Eq. (9) to find the valid solution of the parameter ratios (k1/m1 and c1/m1). If 
the m1 value is known, the k1 and c1 values can be determined from the resolved ratios.
These theoretical predictions were verified using the numerical testing method. The models 
shown in Fig. 2 and the parameter values listed in Table 1 were used for the test. The 
numerical testing also revealed that, for some models, it is not necessary to require every 
mass value and/or transmissibility function within the model to obtain a unique solution. For 
example, only the transmissibility functions for m3 and m1 or m2 of Model-(b) are necessary 
if all the mass values are given. If all the transmissibility functions and the total mass of the 
system are given, it is not necessary to require mass values for m1 and m2 in the calibration 
of this model. This is because at least a portion of the mass elements in the multi-body 
structure are physically connected to each other, and some of their motions are not 
independent. Mathematically, it is not necessary to require every VT function expressed in 
Eq. (8) to determine the parameter ratios nor every mass value to determine the stiffness and 
damping parameters from the ratios. This feature is useful for reducing the burden of the 
measurement of the reference transmissibility functions and mass values. However, if a 
model consists of more than one motion transmission path, a proportional variation could 
occur within each path without affecting the overall transmissibility in the system. This 
requires that adequate VT functions and mass information be provided for each path in the 
calibration. For example, the Model-(b) has two paths: m01–m3 path and m01–m1–m2 path. 
Besides all the mass values, at least one transmissibility function is required for each of the 
two paths (e.g., for m01–m3 path: T3; and for m01–m1–m2 path: T1 or T2).
While the numerical testing method can be used to explore the minimum requirements or to 
check the sufficiency of the given reference functions for a specific model, the above 
analyses identify the general minimum requirements as follows:
i. If a model includes mass elements rigidly attached to the foundation in motion, 
these mass values must be provided or determined using other approaches. This is 
because the possible variations of these mass values do not affect their unity 
transmissibility.
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ii. It is necessary to include at least one transmissibility function in each motion 
transmission path of a model in the frequency range of concern and at least one 
mass value in each path to achieve a unique solution of the calibration. Additional 
VT functions and/or mass values can increase the robustness of the solution.
The term ‘motion transmission path’ in the above requirements is a generalized concept; 
each series of structures in models with multiple series, each driving point in models with 
multiple driving points, or each vibration direction in models with multiple response 
directions is considered as a separate path. For example, Model-(b) has two paths because it 
has two series of independent substructures. Model-(f) also has two motion transmission 
paths because it has two driving points. Model-(c) has three paths because it has three 
vibration directions (vertical, rotational, and cross-axis). This concept is also applied when 
identifying the requirements for other calibration methods.
The geometric parameters (Rm and α) in Model-(c) define the location of the mass center of 
m2; these parameters are nonlinear factors in the equations of motion. If the mass center is 
also known or estimated using a geometrical model, a robust calibration solution (the 
maximum error of the parameters < 1 percent after 30 search cycles) will be observed, 
similar to the applications of the transmissibility method for the other five models. Even if 
these nonlinear factors are included among the unknown parameters in the calibration, the 
numerical test trends toward a unique solution. This suggests that if appropriately applied, 
the transmissibility method can uniquely determine both linear and nonlinear parameters.
3.2. Driving-point response (DPR) method
The DPR calibration method generally uses combinations of DPR functions and the 
distributed mass information. If the mass values (mi) for a system are known, Eq. (8) can be 
simplified as follows:
(10)
Substituting Eq. (10) into Eq. (4), the resulting equation can be generally expressed as 
follows:
(11)
If the precise DPR functions (Mi) for the system are given, the same number of algebraic 
equations as the number of the unknown parameters can be established by applying Eq. (11) 
to the same number of different frequencies, similar to what was done in Section 3.1. Unlike 
the linear algebra equations that can be written from Eq. (4) for the theoretical proof of the 
CTD method [22], the algebra equations written from Eq. (11) are nonlinear, and the 
solutions of the parameters are not unique if only one group of such equations is used in the 
solution. However, there is theoretically no limitation to consider as many groups of 
equations as necessary to identify the unique solution for each parameter. For example, two 
groups of equations for Model-(a) with frequencies of 4, 5, and 8 Hz can be written as 
follows:
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The transmissibility magnitude (T1) for this model is expressed in Eq. (9) and it is a function 
of the two unknown parameters (k1 and c1). These parameters can be resolved from each 
group of equations if the apparent mass function and the mass values are given. For 
demonstration purposes, the mass values in Table 1 and the apparent mass calculated from 
Eq. (1) for this model with the parameters in Table 1 were used to resolve the k1 value. Two 
positive solutions for Eq.(12) are 44.115 kN/m and 285.375 kN/m, and solutions for Eq.(13) 
are 44.115 kN/m and 621.476 kN/m. Obviously, the two groups of solutions include one 
identical value (k1=44.115 kN/m), which is also identical to the reference value listed in 
Table 1. This is because this value is valid for the given mass and DPR function at any 
frequency. The other solution varies by frequency. Therefore, there is only one valid 
solution. These processes are generally applicable to any other models. They theoretically 
demonstrate that the combination of the DPR functions and the mass information can 
uniquely calibrate a model. This theoretical prediction was also verified using the numerical 
testing method for all the models shown in Fig. 2.
Eqs. (8) and (11) reveal that the difficulty of the calibration solution generally increases with 
the number of unknown parameters. It should also be noted that the solutions using these 
equations are only for the mathematical proof of the calibration methods. This solution 
method should not be applied to conduct actual calibrations using measured reference 
functions because the theoretical solution requires precise reference functions. An 
approximation method has to be used to deal with the imperfections among the reference 
functions. The curve fitting method based on the criterion of the least root-mean-square 
error seems to be a reasonable choice for practical calibrations. The numerical testing 
method applied in the current study also uses this tactic.
Different from the VT function, each DPR function includes both motion and mass 
information, as revealed in Eq. (4). Hence, the DPR functions alone are adequate to 
determine the parameters of some simple models. This can also be proven using the 
relationship theorem. For example, if the apparent mass (M) for Model-(a) is known, Eq. 
(A1) can be used to estimate the mass elements and the transmissibility function as follows:
(14)
Once these functions are determined, the remaining stiffness and damping values of this 
model can be uniquely determined, according to the transmissibility method described in 
Section 3.1. The numerical test confirms these analytical predictions. Numerical testing also 
reveals that it is not necessary to consider very high or very low frequencies required in Eq. 
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(14) to achieve an accurate solution; the solution is very robust and efficient if the frequency 
range of the DPR function adequately covers the entire resonant frequency range.
The DPR magnitude alone and phase angle alone have also been used to calibrate some 
models [8,36]. While the magnitude-alone method is acceptable, the phase angle-alone 
method is not adequate. This can be proven using the relationship theorem [22]. 
Specifically, if each parameter of a model is multiplied by λ and Eq. (6) is used, the 
relationship theorem expressed in Eq. (4) can be generally expressed as follows:
(15)
This equation indicates that the proportional change of the parameters also proportionally 
changes the magnitudes of the DPR functions, but the change does not affect the phase 
angles. This means that the phase angle alone, similar to the transmissibility alone, is not 
adequate to uniquely calibrate the model. However, if the distributed mass is also provided, 
together with the phase angle, the calibration solution can be unique if the corresponding 
magnitude alone can result in a unique solution.
Similar to Model-(a), Model-(d) shown in Fig. 2 can also be uniquely and robustly 
calibrated using the DPR-alone method. If the two DPR functions for Model-(e) are 
provided, they can also be used to uniquely and robustly calibrate this model. Although 
Model-(f) has three effective dofs (the dofs excluding the unsuspended mass elements), two 
DPR functions are also sufficient to uniquely calibrate this model. This is because the three 
resonances (8, 35, and 235 Hz) are clearly differentiable from the two impedance values 
(ZFingers=jωMFingers and ZPalm=jωMPalm), and the DPR functions provide the information 
regarding the response distribution, as shown in Fig. 3. The total hand impedance (the sum 
of the finger and palm impedances) was measured in many studies. Although the total 
impedance may also include all the resonance information [17,36], it does not provide 
sufficient distribution information. As a result, the total impedance alone is not adequate to 
uniquely calibrate Model-(e) or Model-(f) [36]. In such cases, it is necessary to provide 
additional mass distribution information to achieve a unique calibration. If it is difficult to 
directly determine the distributed mass values, the known or estimated ratios among the 
mass values (e.g., m01/m02 ≈ ½ [9]) may also be used in the calibration [36].
Model-(c) also has three dofs and two DPR functions (the apparent mass in the z direction 
and the cross-axis apparent mass in the x direction) [7]. Because the human body is a heavily 
damped system, there is only one clear resonance for each DPR function, as shown in Fig. 4. 
The DPR-alone method cannot achieve a unique solution for such a model because the two 
translational DPR functions can only control the model properties in the two translational 
paths (vertical and cross-axis directions) but they cannot control the model properties in the 
rotational direction (the third motion transmission path). In other words, although the cross-
axis response (Mx−z) results from the rotational vibration of m2, the same response can result 
from different combinations of the rotational parameters. This is shown in the three groups 
of the parameter values listed in Table 2, which were identified from the numerical testing 
of this model. Probably for this reason and the small unsuspended mass in the fore-and-aft 
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direction, m1 was taken as zero in the reported study [7]. This, however, does not eliminate 
the major uncertainty which primarily results from the rotational response. The numerical 
testing results listed in Table 2 also indicate that there are certain relationships among the 
rotational parameters for the given translational DPR functions; this indicates that if one of 
the rotational parameters is fixed, the others can also be determined. In other words, if the 
DPR functions and the mass center (Rm) or inertial moment (J) are given, the DPR method 
can uniquely calibrate the model, as also verified in this study.
Although the structure of Model-(b) is simpler than Model-(c) or Model-(f), it is impossible 
to use the DPR-alone method to uniquely calibrate this model. This is primarily because 
Model-(b) has only one driving point; the single DPR function cannot provide the 
distribution information for the two paths. The single DPR resonance also makes it very 
difficult to differentiate the three resonances of this model. While the unsuspended mass 
(m01) and the total mass of the system can be identified from the single DPR function, at 
least two other mass elements (e.g., m1 and m3) are needed in order for the DPR method to 
uniquely calibrate this 3-dof model. These predictions were verified using the numerical 
test. The testing results also suggest that the solution may not be robust.
Based on these analyses and numerical tests, the general requirements for the DPR method 
are proposed as follows:
i. If the number of DPR functions is less than the number of the motion transmission 
paths in the model, the DPR-alone method cannot uniquely calibrate the model but 
it can determine a portion of the model parameters; the specific parameters depend 
on the model structure and the information provided by the DPR functions.
ii. If both real and imaginary parts of the DPR functions at all driving points/paths of a 
model are provided, and if the number of major resonances clearly differentiable in 
the DPR functions is not less than the number of effective dofs (the dofs excluding 
the unsuspended mass elements) in the model, the DPR-alone method can be used 
to obtain a unique solution for the model calibration.
iii. The combination of the DPR functions at all the driving points and sufficient 
number of mass information can uniquely calibrate a model; the required minimum 
mass information depends on the model structure.
3.3. Combined transmissibility and driving-point response (CTD) method
The CTD calibration method utilizes combinations of DPR and VT functions [6,26,27]. 
Using Eq. (4), our previous study has proved that the mass values and boundary stiffness 
and damping values can be uniquely determined if all the DPR functions at all driving points 
and the vibration transmissibility functions for all the mass elements of a model are provided 
[22]. Then, the remaining model parameters can be uniquely determined according to the 
theoretical proof described in Sections 3.1 or 3.2. The reported study also further 
demonstrated that it is not necessary to require every VT function, because the DPR 
functions include some VT information, as also demonstrated in Section 3.2. An effective 
approach to determine the required minimum number of VT functions is to use the DPR 
method to identify the sources of uncertainty and to use the corresponding VT function(s) to 
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supply the missing information. For example, as above-mentioned, the major source of 
uncertainty for Model-(c) is associated with the rotational degree-of-freedom. Hence, if the 
cross-angle transmissibility (Tθ−z0=θ/Z0) is available, the rotational parameters can be 
uniquely calibrated using their relationships with their values (JDPR, k2DPR, c2DPR, RDPR) 
identified using the DPR-alone method. Specifically, the relationships can be written as 
follows:
(16)
where β is a scaling factor. With these relationship equations, these rotational parameters 
can be calibrated by minimizing the differences between the modeled and measured cross-
angle transmissibility functions by optimizing the β value without changing any other 
calibrated parameter using the DPR-alone method.
If the distributed mass information for Model-(c) is not available, it is also necessary to use 
the VT functions to provide the distribution information. The numerical test results suggest 
that in order to meet the minimum conditions, the VT functions for m3 and either m1 or m2 
are required. If only the total DPR function is used in the calibration of Model-(f), the VT 
functions for m1 and either m2 or m3 are required. If the VT function and mass value of m3 
for Model-(f) are provided, together with the two DPR functions, the calibration solution for 
this model can be very robust.
This study also confirmed that the CTD method is not robust in some cases, especially for 
models with multiple motion transmission paths such as Model-(b) and Model-(f). This is 
partially because the VT functions are not sensitive to the variations of the model parameters 
due to the large damping properties of the human body and the near-unity transmissibility 
featured at frequencies below the fundamental resonant frequency, as shown in Fig. 5. For 
example, according to Eq.(A2), it is very difficult to determine the mass values if the T1, T2, 
and T3 values are close to 1.0 or are not sensitive to the parameter variations. In other words, 
the model parameters will be very sensitive to the perturbations of the measured VT 
functions in such conditions. The difficulty obtaining a reliable solution is also partially 
because the VT functions at some different locations or substructures are similar across a 
large frequency range [22], as also shown in Fig. 5. Furthermore, the independent 
proportional variation of the parameter values in each motion transmission path of a 
multiple-path model does not change the VT functions, as expressed in Eq. (6). The total 
DPR function can remain more or less the same with different distributions of the mass 
properties among the motion transmission paths, as indicated in Table 3, which provides 
three alternative numerical testing solutions for calibrating Model-(b). Such a solution may 
also reflect a distinctly local optimization, which may make it difficult to find a globally-
optimized solution using a conventional optimization algorithm. While a rigorous 
optimization method may be considered [33,34], this study proposes a special tactic to deal 
with such situations. First, the local optimization is obtained using the conventional 
algorithm. Then, while the parameters in each motion transmission path are kept at the same 
relationships, the property distribution ratios among the motion transmission paths are 
varied to minimize the errors of the curve fittings. As demonstrated by the results presented 
in Table 3, this can eventually lead to a globally optimized solution.
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Based on the above analyses and numerical test results, the critical requirements of the CTD 
method are identified as follows:
i. Besides the total DPR function and the information for the unsuspended mass at 
each driving point, at least one VT function for each motion transmission path of a 
model structure is required to uniquely calibrate the model.
ii. If the DPR at each driving point in each direction is given, the requirement for the 
unsuspended mass information is eliminated; the minimum number of VT 
functions can also be reduced or eliminated, depending on the specific model 
structure.
In addition, some special tactics may be required to calibrate the models with multiple 
motion transmission paths to achieve the global optimization of the solution. To reduce the 
undesired effects of the similar VT values at low frequencies and their insensitivity to the 
parameter variations, it may also be a good tactic to use more VT values or weight of the VT 
functions in the resonant frequency range and at higher frequencies in the calibration to 
increase the robustness of the solution. However, the VT values at high frequencies may be 
below the noise level and such data should also be avoided.
4. The accuracy and representativeness of reference functions
This section discusses the issues related to the third and fourth criteria presented in Section 
2.5. In reality, no model structure can fully represent the human body; every measured 
reference function includes some errors. It is also impossible to synthesize a VT function 
that provides an exact representation of the overall vibration of a substructure. For these 
reasons, no modeling response function can precisely match the measured reference data. 
While further studies are required to improve the technologies and methods for measuring 
and/or synthesizing the reference functions, this section discusses the effects of the reference 
uncertainties in the calibration and the methods for reducing those undesired effects.
4.1. Relative reliabilities of the reference functions
The degree of uncertainty varies with each specific reference function. The total mass of the 
human body can be accurately measured. The mass of a substructure can also be estimated 
from its geometry or volume and the mass densities of the tissues. Similarly, the distributed 
mass elements in a finite element model can be reasonably determined without any major 
difficulty. However, it can be challenging to accurately determine the mass of some 
substructures modeled as lumped elements in some models. For example, it is very difficult 
to determine the unsuspended mass in a lumped parameter model using any method without 
using any DPR function. Accurately determining the effective mass of the shoulder or trunk 
involved in the response to hand-transmitted vibration is also quite challenging. It is also 
very difficult to accurately determine how much mass corresponds to a VT function 
measured at a specific location on the head. While the measurement of DPR functions has 
improved in recent years [37], it remains challenging to accurately measure VT functions on 
some substructures, especially using conventional accelerometers. The VT functions on the 
human body may also be spatial [38]. Also importantly, it is currently not practical to 
measure the internal transmissibility inside the body of a living subjects using in-vivo 
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technologies. These obstacles, together with complications in identifying the exact 
boundaries of substructures, make it difficult to synthesize representative VT functions for 
calibrating lumped-parameter models. These observations suggest that DPR functions are 
generally more reliable than VT functions, which is consistent with the observations made in 
a reported study [39]. Naturally, it is a good strategy to avoid using less reliable reference 
functions as much as possible in model calibrations.
4.2. The effects of reference inconsistencies
Eq.(4) indicates that the combinations of reference functions used in the calibration methods 
are likely to include overlapping information, especially when redundant functions for some 
substructures are used in the calibration. This may produce the proverbial double-edge 
sword; while additional reference functions can increase the robustness of the calibration, 
the added information may also reduce the reliability of the model if the functions fail to 
provide information consistent with the system properties. In such cases, it is impossible to 
generate suitable matches among the modeling and measured functions. Compromises have 
to be made in the calibration solution, as observed in a reported study [24]. If the DPR 
functions are more reliable than the VT functions, the CTD method may be used to calibrate 
only those parameters that cannot be uniquely calibrated using the DPR method. 
Alternatively, the relative weighting of the VT functions can be reduced in the calibration.
4.3. Baseline weighting
Besides dealing with the different reliabilities of the measured reference functions, function 
weighting is also required to deal with the different units or scales of the functions. While 
inconsistent weightings were used in the past, a baseline weighting should be established to 
guide the application of the appropriate weighting for further studies. The relationship 
theorem provides the natural baseline weightings among the response functions. As 
illustrated in Eqs. (A1 – A6), if the baseline weightings for the real and imaginary parts of 
the apparent mass are taken as 1.0, the equivalent baseline weighting for each VT function 
(WTi) is its corresponding mass value (mi) or
(17)
Because the magnitude of the mechanical impedance is equal to M · ω, the corresponding 
baseline weighting in the calibration using the impedance is that in Eq. (17) multiplied by ω. 
This relationship also indicates that the impedance method weights the high frequency 
components more than the apparent mass method.
5. Evaluations, interpretations, and improvements of the model calibration
The development of human vibration models is usually an iterative process. The 
examination and improvement of the calibrated models may be performed at any stage of 
the development. While it is beyond the scope of this study to address all the aspects of 
model validation according to the proposed criteria, some examples are introduced in this 
section to demonstrate the applications of the above-presented theories and methods to 
evaluate, interpret, and improve the model calibration.
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5.1. Check the integrity of the modeling equations, computing programs, and results
Criterion 5 emphasizes a good common practice: to carefully check the modeling equations 
and programs but not to artificially revise the modeling results to match the experimental 
data. The novel theorem expressed in Eq. (4) provides a new approach to examine the 
integrity of the modeling equations, programs, and results. Specifically, if the equations of 
motion for a model contain some errors, or the modeling program includes bugs, or the 
results are modified for any reason, the modeling response functions may not satisfy the 
relationship theorem or Eq. (4). For example, the modeling response functions calculated 
using the equations of motion for the 6-dof model reported in [24] do not satisfy Eq. (4). 
This led to the identification of errors in the reported stiffness and damping matrices. It 
should also be noted that the satisfaction of Eq. (4) is a necessary condition, but this 
condition alone is not adequate for assuring model integrity. Some other methods should 
also be considered in the examination.
5.2. Check the sufficiency of the number of reference functions and the suitability of 
parameter constraints
The requirements presented in Section 3 can be used to conduct a quick check of reference 
sufficiency for many models. For example, the hand-arm system model reported in [24] has 
six dofs (four translational dofs and two rotational dofs), which includes the hand structure 
similar to that of Model-(f) shown in Fig. 1. However, only one DPR function for the entire 
hand-arm system was measured and used in the calibration. Four translational VT functions 
were respectively measured on the surfaces of the wrist, forearm, elbow, and upper arm, 
which were used to synthesize three VT functions for the calibration. The three VT 
functions theoretically provide redundant translational vibration information, but they 
cannot provide adequate rotational vibration information for the two rotational dofs. Definite 
values of the mass parameters were not provided. Those mass values, together with the 
stiffness and damping parameters, were considered as variables in the calibration. According 
to the sufficiency requirements presented in Section 3, the provided reference functions are 
not adequate for any of the three calibration methods used in that study to achieve a unique 
solution of the model parameters. Consequently, each parameter can take different values 
within the range of its constraints, depending primarily on the calibration method, error 
tolerance of the calibration, reference function weighting, and optimization algorithm. If the 
constraints are not appropriately defined, there could be substantial differences among the 
models calibrated using different methods. More importantly, some of the calibrated 
parameters may not be realistic. For example, the total mass of the fingers calibrated using 
the VT method was only 22 g, which was only 17 percent of that (130 g) calibrated using the 
DPR method in the same study [24]. These observations partially explain why the models 
calibrated using the three methods were substantially different in that study.
5.3. Check for accuracy and representativeness of the reference functions
Except for the low-frequency apparent mass which should be close to the seated whole-body 
mass measured without vibration exposure, it is difficult to directly judge the general 
accuracy and representativeness of the measured response functions. This partially explains 
why the reported experimental data were very different [36,40]. The modeling can be used 
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as an indirect method to help diagnose some of the possible problems. For example, because 
the DPR-alone method can reliably estimate the unsuspended mass, it can be used to check 
whether the tare mass is correctly subtracted from the measured data.
Fig. 6 shows the comparisons of some experimental data and modeling results reported in a 
recent study [15]. In that study, the DPR-alone method was used to calibrate Model-(f) 
shown in Fig. 2 using the impedance values measured at the fingers and palm of the hand. 
This method forces the modeling impedance values to match the experimental data, but it 
does not apply any control to the VT functions. The predicted VT functions for m2 and m3 
agree very well with the experimental data measured at the wrist and upper arm, 
respectively. These observations suggest that the model structure is acceptable for 
simulating the system, and these measured VT functions are acceptable for approximating 
the overall motions of their corresponding substructures with the postures used in the 
experiment [15,37].
The reference functions were not well correlated in another study [24]. The CTD method 
was claimed to be the best among the three calibration methods used in that study, which 
should force matches for not only the impedances but also the VT functions. However, 
substantial differences are observed in the comparisons of both VT and DPR functions, as 
shown in Fig. 7. Besides the differences between the modeling and measured resonant 
frequencies, the modeling impedance is about 28 percent (on average) less than the 
measured data, as shown in Fig. 7(b). According to Eqs. (7) and (15), proportionally 
increasing the original model parameters by 28 percent does not change the ‘goodness’ of 
the fits for the VT functions, but it can greatly improve the matches for impedance, as also 
shown in Fig. 7(b). This increase, however, would further inflate the already overestimated 
hand mass from 630 g (34 percent larger than the normal hand mass, 469 g) to 806 g. Hence, 
it is impossible for the modeling functions to match with the measured data well within the 
natural ranges of the system properties. This is an indication of substantial inaccuracies 
and/or improper representations among the measured functions. This is further confirmed 
from the following observations: the wrist is not part of the palm-hand dorsum 
substructures, but the VT function measured at the wrist was used to represent the motion on 
those substructures; similarly, the vibration of the shoulder was not measured, but that 
measured on the upper arm was used to represent the response of the shoulder [24]. With 
such mismatches, it is impossible for the CTD method to create a valid model for predicting 
the distributed biodynamic responses. These inconsistencies also further explain why the 
model parameter values calibrated using the three methods were largely different in that 
study.
It should be emphasized that good matches between the modeling and measured data are a 
necessary but not sufficient condition for assessing the quality of the measured data. 
Theoretically, one can always get the modeling responses to match well with any measured 
data by selecting a special model or increasing the model structural elements if the second 
and fourth criteria (sufficiency of reference functions and unique solution of model 
parameters) are not required in the calibration of some models. Such models should not be 
used to evaluate the reference functions.
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5.4. Check the comparability of VT functions
Even if the VT functions are accurately measured, it may not be appropriate to directly 
apply them to validate a model in some cases. As shown Fig. 8, the finger VT function of 
the total vibration (vector sum of the three axis vibrations) measured on the dorsal surfaces 
of the fingers using a 3-D laser vibrometer is significantly larger than that predicted using 
Model-(f) calibrated using the DPR-alone method [15,41]. The major differences are likely 
because the measured VT function is not representative of the overall motion of the fingers 
simulated as a lumped mass in the model for the following reasons. First, the fingers can be 
virtually considered as layers of visco-elastic materials attached to the vibrating handle. In 
the major resonant range of the fingers, the transmissibility on the top surface of the 
materials generally reaches the highest transmissibility while the materials close to the 
contact surface remain near unity transmissibility. As a result, the overall transmissibility 
that can be synthesized using Eq. (5) is smaller than the transmissibility measured at the 
dorsal surface of the fingers. Second, the fingers are likely to have some rotational 
responses. They can cause some additional translational vibrations in the tangential 
directions on the dorsal surfaces of fingers, especially in pure shear or along the handle axial 
(y) direction. This may explain why the differences between the modeling and measured 
data are generally larger in the y direction than those in the other directions [15]. 
Furthermore, the measurement was carried out at limited locations on the index and middle 
fingers. The measured data may not adequately represent the overall vibration of all the 
fingers. For these reasons, the finger VT functions calculated from the DPR-calibrated 
models are not directly comparable with those measured on the dorsal surfaces of the 
fingers. This, however, does not mean that the model is invalid for predicting the overall 
translational vibrations of the fingers. On the other hand, if the CTD method was used to 
force matches between the transmissibility values, the calibrated Model-(e) or Model-(f) 
would certainly be invalid. Because it is very difficult to synthesize the representative 
transmissibility function of the fingers required by the VT and CTD methods, the DPR 
method seems to be the best option for calibrating the lumped finger model.
5.5. Check the values and characteristics of the predicted biodynamic properties
The apparent mass generally increases with body mass, but that correlation does not hold 
true for phase angle or transmissibility [1,2,7,27]. This is consistent with the implications of 
Eqs. (6) and (14). These phenomena suggest that the overall biodynamic properties of the 
human body vary near-proportionally with the body mass in the general population. This 
further explains why the major resonances of the whole-body vibration in the vertical 
direction generally fall within fairly narrow frequency ranges (3–6 Hz) [1,7,8,27]. These 
characteristics justify the normalization of DPR magnitudes with respect to body mass 
[1,2,27].
The characteristics of the human biodynamic properties may also be used to check the 
validity of the calibrated models or to help estimate some model parameters. Using a 
reported study as an example, the effective mass of Subject 12 is 87 kg, which is 1.4 times 
the median mass (62 kg); however, the inertial moment (9.41 kg m2) of this subject was 52 
times the median value (0.18 kg m2) [7]. This is obviously incompatible with typically-
observed proportions. As identified in Section 3.2, this is because the rotational parameters 
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were not controlled in the calibration, and they could take any random value. To eliminate 
the random variation, a constraint related to the body mass can be applied to the calibration. 
While the mass in a local structure generally increases with the total body mass, the 
rotational properties (J, k2, c2, and Rm) should also increase with the total mass. As a crude 
approximation, the relationship among subjects can be derived from the dimensional 
analysis of the inertial moment unit (kg m2). For the derivation, this study made the 
following assumptions: (i) the mass density remains unchanged for different subjects; (ii) 
the mass varies proportionally with the volume of the body; and (iii) the volume is 
proportional to (Rm)3. The derived relationship is expressed as follows:
(18)
where Jref is the known reference value, JS is the estimated value for a subject, MS and Mref 
are the mass values for the subject (S) and the reference subject (Ref), respectively.
For demonstration purposes, we can tentatively assume that the reported median values are 
correct and use them as reference values: Jref=0.18 kg m2 and Mref=62 kg. Then, the J12 
value for Subject 12 (M12=87 kg) can be estimated from Eq. (17). It is approximately 0.32 
(kg m2), instead of 9.41 (kg m2) that was reported before [7]. Using the revised J12 value, 
the β value in Eq. (16) can be determined. Then, the other rotational parameters can also be 
estimated from the β value. Similar revisions may also be applied to the rotational 
parameters for other subjects in the reported study [7].
5.6. Check the model structures
The knowledge generated from the current study may also be used to help improve the 
model structure design. Using Model-(c) as an example, the unsuspended mass in the fore-
aft (x) direction is naturally very small, and m1 can be taken as zero for simplifying its 
calibration [7]. However, this introduces another issue: the unsuspended mass in the z 
direction should not be ignored, as evidenced from the obvious differences between the 
modeling and the measured apparent masses at frequencies above 7 Hz shown in the 
reported study [7]. Such differences are likely to become more obvious if the frequency 
range is extended to frequencies above 10 Hz. Physically, the soft tissues between a 
vibrating surface and the bony substructures of the human body can be conceptually 
considered as a coiled spring with mass and damping properties distributed along the length 
of the spring. The mass in contact with the surface must move with the surface or vibrating 
foundation; therefore, a part of the spring mass can be simulated as an unsuspended mass in 
a lumped-parameter model of the whole body system. This can also be mathematically 
proved using the spring model. This may explain why the models with an unsuspended mass 
can usually provide a better fit to the measured responses than those without it and that the 
vast majority of the whole-body models include the unsuspended mass [2,8,27]. Similar 
phenomena have also been observed in the simulation of the hand-arm system responses 
[9,15,31]. Based on these observations, the original model can be improved by adding an 
unsuspended mass (m0) to Model-(c) and the revised model is shown in Fig. 9. According to 
the above-presented analyses and numerical tests, the added mass will not increase the 
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difficulty of the calibration, but it is likely to increase the quality of the calibration. This 
improvement, together with the estimation of the rotational parameters described in Section 
5.5, may make the model more meaningful. Furthermore, as reflected in Eq. (A3) in 
Appendix A and in the equations of motion of Model-c in the reported study [7], m1 and m3 
in the model have the same horizontal vibration. This is not reflected in the model structure 
of the reported study, as shown in Fig. 2(c). This was corrected in the current study, and the 
proposed correction to the illustration is also shown in Fig. 9.
The improved knowledge of model calibration can also be used to help appropriately 
simplify the model structure. As shown in Fig. 2(f), the palm – wrist – forearm substructures 
along the forearm direction were modeled as a lumped element [9,15,31]. Some researchers 
criticized that this model could not predict the distributed dynamic responses, particularly at 
the wrist; hence, they modeled the palm as a separate mass element [24]. This criticism 
ignores the fact that the vibration power absorption measured at the palm along the forearm 
direction can be used as an approximate measure of the wrist joint vibration exposure 
[15,31,42]. It also ignores the fact that the dynamic force at the palm is highly correlated 
with that at the wrist joint in the major resonant frequency range of the hand – arm system, 
as can be demonstrated via the correlation (R2=0.99) between the dynamic force derived 
from the impedance measured at the palm and the wrist acceleration derived from the 
transmissibility data measured at the wrist shown in Fig. 6. Also because the palm and wrist 
biodynamic responses are correlated with frequency-weighted acceleration [41–43], wrist 
injuries are likely to be associated with the weighted acceleration [44]. Furthermore, the 
wrist joint is much more rigid than the palm tissues along the forearm direction; the palm 
tissues basically serve as a cushion for the wrist joint in this direction. Hence, it is not 
necessary to consider the palm as a separate mass element in this direction, especially in the 
major resonant frequency range. While the separation is unlikely to increase the value of the 
model, it certainly increases the difficulty of the model calibration, as the increased dof 
requires more calibration references. Because such reference values were not provided, the 
increased complexity of the model structure led to low quality of the model calibration, as 
observed in the reported study [24].
Our previous study revealed that the DPR method may determine the role of each structural 
component of a model according to the characteristics of the given DPR references. In that 
study, the same model structure as that of Model-f shown in Fig. 2 was used to simulate the 
responses of the human hand-arm system in each of the three orthogonal directions (x, y, z). 
However, the calibrated parameter values showed that the palm and hand dorsum were 
‘considered’ by the DPR method itself as separate entities for the x and y direction but the 
palm – dorsum – wrist – forearm was kept as one entity for the z direction [15]. This is 
because the given DPR references include the information that the wrist stiffness along the 
forearm or z direction is very large. As a result, it is not necessary to consider the hand 
dorsum and forearm as separated mass element in the lumped-parameter model. However, 
their equivalent connection stiffness in the x or y direction is small and they cannot be 
considered as one lumped mass because the wrist has a large rotational freedom in the x and 
y directions. This demonstrates that the exact assignments of the substructures in the human 
vibration modeling using the inverse dynamic approach may not be fully predetermined by a 
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researcher, but they may be interpreted or recognized from the results of the model 
calibration [9,15]. This feature further suggests that model calibration may be used a tool to 
explore the motion mechanisms of the human body or segments.
5.7. The interpretation of the fixed boundary in hand-arm system models
The hand – arm vibration models usually include a fixed boundary, as shown in Fig. 2. 
Some researchers interpreted the fixed boundary as a fixed substructure, e.g., the boundary 
in Model-(f) as a fixed shoulder [24]. Based on this interpretation, they criticized that 
Model-(f) ignored the coupled responses of the shoulder and other upper body substructures. 
The interpretation and criticism are invalid if the model parameters are determined using a 
calibration method. Because the shoulder of any human subject is not fixed in any 
experiment, the coupled responses must be reflected in the measured reference functions, 
especially the DRP function measured at the palm of the hand. Consequently, the model 
calibrated using the reference functions must reflect the equivalent mass, stiffness, and 
damping properties of the coupled substructures. For example, m3 in Model-(f) actually 
represents the equivalent mass of not only the upper arm but also the shoulder and some 
other substructures [9,31]. The connections between m3 and the boundary (k5 and c5) 
represent the equivalent stiffness and damping properties of the upper arm, shoulder, and 
other upper body substructures. The fixed boundary in the model does not mean that there is 
an actual boundary in the real system. The boundary is a technical treatment of the 
substructure method for simplifying the model, which is widely used in the analyses of 
continuous engineering structures such as railway tracks and long bridges [34,45]. Of 
course, if the specific responses of the upper arm, shoulder, chest, neck, and head are of 
concern, they should be considered as separate components in the model. Otherwise, it is not 
worth increasing the complexity of the model structure and the difficulty of the model 
calibration. A model with more dofs is not necessarily better than a simpler model, 
especially if the complex model is not reliably calibrated using sufficient, accurate, and 
representative reference functions.
6. Conclusions
Based on a novel theorem and general knowledge of mechanical vibration, this study 
enhanced the understanding of the mathematical and physical principles of the model 
calibration using frequency response functions. Building upon this enhanced understanding, 
a set of criteria was proposed to guide the development of human vibration models. Guided 
by these criteria, this study systematically examined the three typical calibration methods. 
Besides theoretical analyses, a novel numerical testing method was also used in the 
examination. Using the theoretical analyses and numerical tests, this study identified the 
basic requirements of each calibration method for obtaining unique solution of the model 
parameters. While the proposed theories, methods, criteria, and requirements may serve as 
general guidance or tools for the further development of human vibration models, it is 
recommended to apply the numerical testing method to verify the selected calibration 
method before conducting any actual calibration.
This study demonstrated that all three methods can result in the same unique solution for a 
given model structure if all the requirements of each method are met in the model 
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calibration. However, the theoretical uniqueness does not guarantee the practical 
applicability of the calibration methods, depending on the model structure and the features 
of the given reference functions. Specifically, if the given reference functions do not 
adequately cover the frequency ranges of all important resonances, the calibration solution 
may not be unique or robust (efficient and/or insensitive to perturbation of references). 
Likewise, the calibration solution may lack robustness if the model includes multiple motion 
transmission paths, the given transmissibility functions are similar across a large frequency 
range, and/or the resonances are in similar frequency ranges. In general, if more reference 
functions are provided, the solution becomes more robust. Practically, however, as 
additional reference functions are used, more inconsistencies can arise among the reference 
functions for representing the biodynamic properties of the human body. This is because the 
measured functions may include errors and some of the transmissibility functions may not 
be adequately representative of the overall motions of the substructures simulated as lumped 
mass elements in the model. Because it is difficult to accurately measure and reliably 
synthesize a representative transmissibility, it is recommended to use it to calibrate only 
those components that cannot be uniquely calibrated using the other reference functions 
such as mass and driving-point response functions. Alternatively, less weighting can be 
applied to the transmissibility in the calibration. The proposed baseline weighting scheme 
can be used to establish benchmarks for weighting assignments. If the distributed responses 
in the human body or body segments are not of interest in the applications of the models to 
design and analyze tools, seats, anti-vibration devices, and testing apparatuses, it is not 
necessary to require a close simulation of the human body structure; it is neither necessary to 
use any transmissibility function nor to require a unique solution of the model calibration. 
This is because the interactions between the human body and the seat or tool are of major 
concern in such applications. Theoretically, the effect of the human body on the interactions 
can be largely represented by the driving-point response functions of the body. Therefore, 
the most important factor for such applications is to ensure the reliability of the apparent 
mass or mechanical impedance measured in a close simulation of real working conditions 
and the goodness of the curve fitting in the model calibration. For such engineering 
applications, it is recommended to control the average curve fitting error in the major 
frequency range of concern to within ± 5 percent.
Appendix A
The relationships between apparent mass and transmissibility in the example models Eq. (4) 
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A flowchart showing the methods and major activities of this study.
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Six models of the human body vibration: (a) 1-dof whole-body model [8]; (b) 3-dof whole-
body model [27]; (c) 3-dof whole-body fore-aft responses model [7]; (d) 1-dof hand-arm 
model [20]; (e) 2-dof hand-arm model [9]; and (f) 3-dof hand-arm model [9].
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The mechanical impedances (Z=ωj · M) distributed at the fingers and the palm of the hand, 
which are calculated from Model-(f) using the parameters listed in Table 1 (  palm; 
 fingers).
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The vertical apparent mass and fore-and-aft cross-axis apparent mass of the human body 
subjected to vertical whole-body vibration, which are calculated from Model-(c) using the 
parameters in Table 1 (  cross-axis apparent mass fore-aft direction;  apparent 
mass in vertical direction).
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The comparisons of the three transmissibility functions of Model-(b) for simulating whole-
body vibration, which are calculated using the parameters in Table 1 (  T1; 
T2;  T3).
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Comparisons of the modeling and experimental data of the frequency response functions 
along the forearm (z) direction of the hand-arm system [15]: (a) mechanical impedance 
magnitude; (b) mechanical impedance phase angle; (  experiment_fingers; 
modeling_fingers;  experiment_palm;  modeling_palm); (c) transmissibility at the 
wrist; and (d) transmissibility on the upper arm; (  modeling prediction; — 
experiment data).
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The comparisons of the modeling predictions and measured response functions presented in 
a reported study (bent arm model) [24], in which the hand model structure is similar to that 
of Model-(f): (a) transmissibility functions (▴ experiment_wrist;  model_palm; 
experiment_forearm;  model_forearm;  experiment_upper arm;  model_ 
upper arm); (b) impedance data (  original modeling impedance;  measured 
impedance;  modeling impedance with the original parameters increased by 28%).
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The comparison of the modeling and measured transmissibility functions of the total 
vibration (the vector sum of the three-axis vibrations) on the fingers under combined 30 N 
grip and 50 N push action:  modeling prediction [15];  experiment data 
[41].
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Proposed revision of Model-(c)
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